Graphical approach provides a more intuitive and simple way to construct error correction codes. How to obtain generator matrix is the key problem of constructing graphical quantum codes. In this paper, we further generalize the graphical quantum code construction method by entangling its disconnected subgraphs, so that the corresponding generator matrix of quantum nondegenerate codes can be easily obtained. By making use of the method of subgraphs entangling, we also point out its application in adjacency matrix constructions of larger colorable graph and graphical quantum nested codes.
Introduction
Quantum error-correcting codes (QECCs) are highly entangled states which are used to prevent damaging effects of decoherence. Since the first quantum code was introduced by Shor in 1995, 1 it was shown that the QECC can be constructed based on classical block codes. This led to an important class of QECC known as Calderbank-Shor-Steane (CSS) codes. 2, 3 Afterwards, a more general quantum code, i.e., quantum stabilizer code (QSC), has been investigated. 4 Currently, almost all QECCs are constructed with stabilizer whose code space is specified by a tensorproducts Abelian group of Pauli operators.
It is well known that stabilizer state is a multi-qubit pure state, which corresponds to an element in an unique set of eigenvectors with unit eigenvalue of the stabilizer. In coding theory, graph not only is related intimately to the construction of classical error-correcting codes, but also has important applications in QECCs. In Ref. 8 , a new and simpler way for constructing QSC called graphical quantum error correction codes (G-QECC) on which more direct intuitions was proposed.
Generally, a quantum state of a coupled quantum systems may be represented by a graph, where its vertices correspond to physical sub-systems and the edges represent interactions among them. According to the definition, graph state is a set of commuting Pauli operators which can be constructed with corresponding subsystems in a general mathematical graph. [5] [6] [7] [8] [9] [10] [11] [12] [13] Therefore, arbitrary graph does not always correspond to a stabilizer state, and a graph state is the special case of stabilizer state. Since the basic theory on G-QECC was proposed, some researchers have devoted to this topic. [9] [10] [11] [12] [13] For examples, Nest proved that each stabilizer state equates to a graph state under local Clifford operations, 12 and Hu and his cooperators investigated the construction of both additive and nonadditive graphical nonbinary quantum codes, and proposed some graph codes. 13 Generally, to construct graphical quantum code, a finite abelian group as stabilizer, whose order is the dimension of the Hilbert space, is used to describe a quantum system. Therefore, how to easily obtain the generators of the stabilizer corresponding to one graph state, is the key problem of constructing for graphical quantum codes. This motivates us to seek the more general construction method of graphical quantum codes. In this paper, we present a new construction method of graphical quantum code by entangling its several disconnected subgraphs, so that the obtained higher-dimension graphical quantum code corresponds to a graph state. Furthermore, Graph states associated with colorable graph, have some useful properties. 8, [13] [14] [15] [16] [17] [18] By making use of the present method, we shall also consider its application in the adjacent matrix construction of large colorable graph. Furthermore, how to gain the adjacency matrix of graphical quantum nested codes is a difficult problem. With the one-to-one entanglement method, the constructed colorable nested graph via its subgraphs can possess of optimal coloring according to the graph coloring problem.
The paper is structured as follows. In Sec. 2, we introduce some preliminaries which are necessary for G-QECC. In Sec. 3, we investigate the construction approach with its disconnected subgraphs to obtain graphical quantum codes, and its application into the adjacency matrix constructions for larger colorable graph and nested graph. Furthermore, we also investigate the bounds that good G-QECCs should satisfy in Sec. 4. Finally, conclusions are drawn in Sec. 5.
Preliminaries for Graphical Quantum Codes Construction
A graph is a collection of vertices which are connected by edges. Formally, an undirected and finite graph is a pair
where the elements of V are called vertices, and the elements of E edges. Denote N = |V | the vertex number of graph G. In an N -qubit quantum network graph, a Pauli group with tensor products may be generated
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where i = √ −1 and P = {σ 0 , σ x , σ z , σ y } is a set composed of four basic Pauli matrices. Any pair of elements in P V either commutes or anti-commutes, and graph G corresponds to a N -qubit graph system in space P V . Stabilizer code is known as a class of quantum code which is given by the most widely-used structure. Let S be an abelian subgroup of P N , namely, any two vectors in S commute. Acting each element in S onto joint eigenspace associated to state in quantum codes space, if the eigenvalue is 1, S is called the stabilizer of the quantum code and its element is called generator.
The adjacency matrix Γ of a simple graph, is to describe the connection relation between all vertices. It is an N × N symmetric matrix for the system corresponding to a nondegenerate code and consisting of N qubits with elements
Because of the entanglement between N vertices, each vertex a in graph G corresponds uniquely to an N -qubit vector. At each qubit in a vertex vector, we use the following encoding of the Pauli matrices in P as pairs of bits with two types (i.e., X-type and Z-type)
Namely, any one N -fold vertex vector M a ∈ P V , a ∈ V , corresponds to an 2N -dimensional binary vector
where a x i , a z i ∈ {0, 1} for i = 1, . . . , N . An arbitrary mathematical graph does not always corresponds to a stabilizer state, unless its vertex vectors satisfy the commutating condition. Therefore, graph states are special cases of stabilizer states, which are certain pure multi-particle entangled states associated with graphs.
12 If any vertex in graph G corresponds to a generator M a of stabilizer S, then graph state |G equates to S. Therefore, the vertex vector M a in space P V may be expressed in graph language as
which is associated with its adjacent vertices, where N a := {b ∈ V |a, b ∈ E} is the adjacent vertex collection for a given vertex a ∈ V in graph G = (V, E). By applying on vertex a in G respectively, X a , Y a , Z a denote Pauli matrices σ x , σ y , σ z in (4), where
and
. Therefore, the generator matrix of a graph state can be expressed as binary standard form
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where Γ is the adjacency matrix of the graph G. For simplicity, it also can be directly described over GF (4) = {0, 1, ω, ω 2 } as
for mapping: ω → σ x . Let M a and M b be two commuting vertex vectors in S corresponding to binary vectors a in (5) and b = (b
respectively. According to the definition of stabilizer, their symplectic product equates zero, i.e.,
Graphical quantum codes
where K is a collection of k different vertex vectors in the graph. Obviously, it is that 0 ∈ C(K, d) and each vector s ∈ S is orthogonal to any vectors c ∈ C(K, d). Furthermore, the coding clique C(K, d) is close and linear. The parameters of G-QECC should also satisfy some quantum bound, such as Singleton bound
So, one obtains a graph clique code C(K, d) by selecting N − k vertex vectors from the generators of graph state |G with bound.
Graphical Quantum Codes Construction by Entangling Subgraphs
Clearly, one may see that the key problem of constructing G-QECC is how to obtain its generator matrix. As the following, we will present a method of obtaining a new graph by entangling several disconnected subgraphs.
Multi-vertex quantum graph code construction method via entanglement
There is no any {a, b}-path to connect two subgraphs
, then the two subgraphs are called disconnected. As the following, we shall introduce an approach of obtaining a graph by entangling its several disconnected subgraphs.
Without loss of generality, we consider how to entangle two disconnected subgraphs G 1 = (V 1 , E 1 ) and G 2 = (V 2 , E 2 ), so that a new graph G = (V, E) can be gained, where G 1 and G 2 correspond to coding cliques
respectively. Define an auxiliary graph
as a graph formed by the two disconnected subgraphs which share no edge. Assume Γ i are the adjacent matrices of graph G i for i = 1, 2 respectively, the binary standard form of generator matrix of graph G ′ is
where I i is an N i × N i unitary matrix for N i = |V i |. Extend the matrix (13) to more general form
where Γ 12 is called N 1 × N 2 entanglement relation matrix and Γ T 12 is its reverse matrix. Corresponding to form (14) , there must be a graph G = (V, E) with V = V 1 ∪ V 2 may be obtained.
Because an arbitrary graph does not correspond to a graph state, another problem which must be considered is that the obtained graph G whether can be used to construct quantum codes. Namely, any two vertex vectors in the obtained graph should commute so that the symplectic condition (10) is satisfied. Theorem 1. Assume a graph G = (V, E) with the standard form in Eq. (14) is entangled by two disconnected subgraphs G 1 = (V 1 , E 1 ) and G 2 = (V 2 , E 2 ) with respect to entanglement relation matrix Γ 12 . If the subgraphs correspond to two graph states, then the entangled graph also corresponds to a graph state. Furthermore, the distance is no less than each distance of the subgraph codes when connection matrix Γ 12 is a full-rank matrix.
Proof. To illuminate the obtained graph G corresponds to a stabilizer state, we only prove its any two vertex vectors in generator matrix C commute. Assume vector α s = (a 
Without loss of generality, let the two vectors be among first N 1 rows of generator matrix C. Then, their symplectic product should be
Note that G 1 corresponds to a graph state, i.e., a
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Similarly, when N 1 + 1 ≤ i, j ≤ N 1 + N 2 , because G 2 also corresponds to a graph state, it can be induced that their symplectic product equates zero.
Case 2. Assume two vectors α i and α j belong respectively to the first N 1 vectors and later N 2 vectors in the generator matrix C, i.e., 1 ≤ i ≤ N 1 and
Then, their symplectic product should be
Because a In summary, any two vectors in the obtained graph always commute, so each one corresponds to a generator of graph state. Furthermore, one may easily get that the distance of formed new graphical quantum code is no less than any one of the distance of subgraphs. Specially, it is larger than single distance when the entanglement relation matrix is square and full-rank.
From the description we may see that, a new graphical quantum code by entangling its subgraphs hence can be obtained, by making rows collection of the corresponding generator matrix as the generators set {M ai , 1 ≤ i ≤ |V |, a i ∈ V }. Generally, in two cases on entanglement relation matrix Γ 12 , the generator matrix C in (9) of graph G can be gained by entangling its two subgraphs. 
where at least one of Γ A (i) 12
, 1 ≤ i ≤ m, is an N 1 by N 1 full-rank square matrix, and Γ B12 is an N 1 by N 2 − mN 1 matrix with rank r = {min N 1 , N 2 − mN 1 }.
The other one left problem is how to design the entanglement relation matrix Γ 12 to entangle its subgraphs, so that the obtained graph G corresponds to a quantum graphical code with parameters
. Considering the Theorem and boundary conditions, the entanglement relation matrix Γ 12 should be constructed with following principles.
(1) To get a more steadier state and increase the correction capability, matrix Γ 12 should be full rank so that the maximal clique of entangled graph may be obtained. Namely, a maximally entangled pair of two-spin system can be obtained when the minimal kernel dimension of entanglement relation matrix Γ 12 may be rank r = min{N 1 , N 2 }. (2) For simple encoding, the entanglement relation matrix Γ 12 should be a lowdensity matrix, i.e., it can be divided into several block matrices, and one sub-matrix may be transferred to lower triangular matrix. Define a cycle (or circuit) of graph, which is a path that starts and ends at the same vertex. (3) Generally, a long cycle should be arranged in such construction, that no smaller cycles are contained in subgraphs, including the matrix G 12 in entanglement relation graph. This induces the increasing capability of obtained graphical quantum codes. (4) Denote w the weight of vector in matrix Γ 12 . Then, w will be no more than
Furthermore, a graph
clearly, is also a subgraph of G, and it has following edges relation
Therefore, assume graphs G ′ with (13) and G 12 with (19) generate two coding cliques
) generated from the graph G may be expressed as
More general, it easily can be generalized for entangling several subgraphs to obtain a new network graph. Note that the Schmidt rank of a graph state is closely related to error correction capability of a corresponding graph code. According to Ref. 8 , to encode k-dimension subset K ⊂ V as an input on vertices, we take corresponding output on vertices M = V − K in G to detect the error configuration E. Therefore, any vertex number |E| − 1 of errors can be detected and one half of which be corrected. Physically, by applying controlled-phase gate on the initialized graph state in terms of adjacency matrix Γ in (14) , the preparation of the graph state correspond to quantum code C G (K, d) can be accomplished.
Coloring is an assignment of colors to the vertices of a graph, such that no two adjacent vertices have the same color. A graph G = (V, E) is generally called k-colorable if one can divide the vertices into k groups
and assign to the vertices of each group a color, such that neighboring vertices have different colors. 18 Specially, two-colorable graph (also called bipartite graph) is an instance with k = 2, of which the vertices set is partitioned into two disjoint sets, and no two vertices within the same set are adjacent. Graph states associated with colorable graph, have some useful properties, such as, the form and color of the vertices can indicate the different measurement directions or the respective vertex can correspond to an input and output qubit. For example, two-colorable graph states are equivalent to CSS states.
14 The smallest integer k such that G has an k-coloring is called the chromatic number of G and is denoted by X (G). Graph coloring problem is to find the fewest possible colors in graph.
To obtain a more multi-vertex colorable graph and containing colors as few as possible, based on the present entanglement method, the relation between the colors of entangled graph G and its two subgraphs should be considered. It requests that each vertex in subgraph of less colors should entangle a vertex in every divided subsets except for its same-color subset. Proposition 1. Assume G 1 and G 2 are two disconnected graphs of k 1 and k 2 colors, respectively, and correspond to two graph states.
Then, the colors of graph G by entangling its subgraphs G 1 and G 2 will be no more than k 1 + k 2 . Specially, when matrix Γ 12 describes the one-to-one mapping between different colorable vertices in respective subgraphs, the coloring number of graph
Therefore, by combining several colorable subgraphical quantum states, a larger colorable graph state can be obtained. 
Then, based on two colorable subgraphs, the obtained graph corresponding to code [ [12, 0, 4] ] can be seen Fig. 1 .
Example 2. Consider case of N 1 = N 2 . Assume G 1 and G 2 correspond to two three-colorable graph states, and their generator matrices are 
Based on the two matrices, G ′ in (12) 
So, we can obtain the generator matrix of multi-vertex quantum code [ [12, 0, 4] ] corresponding to three-colorable graph G in Fig. 2 .
Lemma 1. Generally, define direct sum of N full-rank matrices as
Then, it has some properties as following:
. . , A N are all orthogonal matrices, their direct sum A is also orthogonal. 
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Graphical Quantum Error-Correcting Codes Based on Entanglement of Subgraphs Take (N − 1)N/2 full-rank entanglement relation matrices to replace the zero matrices in (29), if A i , 1 ≤ i ≤ N , all correspond to graph states, then matrix A may be a generator matrix of graphical quantum code of larger distance.
3.2.
The application of present construction method to graphical quantum nested code
In practice, the proposed approach in previous section provides a more general way to obtain graphical quantum codes. It has some valuable applications quantum codes construction theory, such as the construction of quantum nested graph codes.
As the following, we apply the construction technique based on entanglement to obtain the adjacency matrix of nested colorable-graph quantum codes. A nested graph G = (V, E), can be described as an "n l -vertices of . . . graph of n 2 -vertices graph of n 1 -vertices graph", denoted by
According to the definition, one may see that the number of vertices in the graph (30) is N = n 1 n 2 · · · n l , and the vertices of obtained graph G is formed by N/n 1 disjoint colorable vertex subsets V 1 , V 2 , . . . , V N/n1 with same size n 1 , where
and its every subgraph is same to graph G n1 . Let E ij be the set of edges {u, v} where u and v respectively belong to two sets V i and V j . One may get the number |E ij | is n 1 , namely, every vertex in V i connects to one vertex in V j and vice versa. Therefore, the obtained entangling graph state has at most V N/n1 colorable subgraphs. Graph coloring problem is to find a coloring with as few colors as possible. Therefore, one should take a simple connection relation to entangle the subgraphs, so that the obtained entangled graph has fewer colors. According to its characters, a nested graph actually is formed by connecting N/n 1 subgraphs which are complete same to G n1 . Therefore, for generating the adjacency matrix Γ of graph G, the key problem is how to connect the subgraphs with given adjacency matrix Γ 1 of G n1 . As the following, we introduce a family of entanglement relation matrices. Let a finite group
where P L = (p ij ) is a circulant permutation matrix defined as
If G n1 is a colorable subgraph, to optimize coloring we take Γ 12 ∈ T n1 as the one-toone entanglement relation matrix, so that subgraph G n2 [G n1 ] can be obtained. More general, if Γ ni−1 is the adjacency matrix of nested subgraph
where 
and P m st is any element in T ni−1 when n i = 2. Furthermore, consider the error correction capability of the generated quantum code. According to the described results, if graph G n1 corresponds to a graph state, then the obtained nested graph G still do in terms of the theorem. So, one can construct a graphical quantum code with parameters [[|V |, k, d]]. Note that the entanglement relation matrices generated from set of circulant permutation matrices in (33), i.e., they are all full-rank. Note that every sub-block matrices is square. Therefore, it is obviously that the distance of obtained graphical quantum nested code [[|V |, k, d]] is larger than that of its any single subgraphs
Example 3. Consider the construction for nested colorable graph G 3 [G 4 ], where the generator matrices of two-colorable subgraph G 4 and graph G 3 over GF(4) are
Furthermore, the relation matrices are the elements of T 4 . So, one may get that the
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Matrix Γ of graph G with no intercross between any pair of subgraphs may also be taken as    
(P 
and so on. Finally, one may obtain the generator matrix C = Γ + ωI 12 . Correspondingly, one may gain a quantum nested graph code [ [12, 0, 6] ] using to graph G 3 [G 4 ] based on the entanglement relation matrix (38), which may be seen Fig. 3 . In terms of relevant adjacent matrices, based on their colorable subgraphs, some other general nested graph states with higher level may be obtained, such as colorable graph in Fig. 4 . 
In this case, good graphical quantum codes by properly selecting the entanglement relation matrices can meet asymptotic Hamming bound. Furthermore, to obtain for meeting the bounds, another factor is the choice of subgraphs. Graph coloring problem is to find a coloring method with as few colors as possible. The minimum number of colors in a coloring of G is the chromatic number X (G) of G. The chromatic entropy H X (G, p) of the probabilistic graph (G, p) is the minimum entropy of any of its colorings, which directly induces good graphical quantum codes.
Conclusion
Applying graphical approach provides a direct way to construct error correction codes. Because arbitrary graph does not always correspond to a graph state, in this paper, we generalize the method of constructing graphical quantum codes by entangling its subgraphs. Correspondingly, by applying the construction approach, the adjacent matrices of large graphical quantum nondegenerate codes, such as multi-vertex colorable graph and nested graph, can be easily obtained. Furthermore, because of its flexibility, the parameters can be adjusted according to the constrains of good graphical quantum codes. In summary, this approach presents a more general construction method for graphical quantum code.
